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265. 


ADDITION TO THE MEMOIR ON AN EXTENSION OF ARBOGAST'S 
METHOD OF DERIVATIONS. 


[Now first published, 1891.] 


THE process explained in the foregoing Memoir is not easily workable, and I have 
in fact never used it. I have devised a new process theoretically less complete, and 
of a somewhat mixed character consisting, as it does, in the analytical reduction of 
the problem to the same problem for a smaller number of letters. I have however 
found it very convenient for obtaining the literal terms in the theory of the sextic, 
viz. where we have the seven letters (a, b, c, d, e, f, g); and I propose to explain the 
process by applying it to the determination of the terms of the discriminant, degree 
= 6, weight =18. 


Here writing a, b, c, d, e, f, g to denote the indices of these letters respectively 
in a term such as abfcy... (that is, writing for convenience a, b, ¢,... instead of 
a, B, y, ...) we have 

a+ b+ c+ d+ e+ f+ g= 6, 


b +20 + 3d + 4e+ 5f+ 6g =18, 
and thence i 
6a +5b+ 4c +3d+2e+ f  =18. 


I separate off from the others the first three letters a, b, c. The equation gives 
a=8 at most. And then j 


if a= 3, then 5b + 4c + 3d + 2e + f = 18, b=0, c=0; 
if a= 2, 5b + 4c + 3d + 2e+f= 6, b=1 at most; 
if b=1, 4c + 3d+2e+ f= 1, c= 0, 
ua 0 =e, 4c+3d+2e+f= 6, c=1 at most, 
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if a.=1, 5b + 4¢ + 3d + 2e + f= 12, 6=2 at most; 
if 6 =2. 4c+3d+2e+f= 2, c = 0, 
ee 4c + 3d+2e+f= 7, c=1 at most, 
2p =2.0, 4c + 3d + 2e + f= 12, Cee sn 

if a =0, 5b+ 4c + 3d + 2e + f= 18, b=8 at most; 
if b= 8, 4c + 3d + 2e +f= 3, c= 0, 
» 02 4ce + 3d + 2e +f= 8, c= 2 at most, 
abl, 4c + 3d + 2e + f = 13, i ae 
n =: 4c + 3d + 2e + f= 18, CEK 


Hence considering the several terms as arranged in alphabetical order and writing 


down only the factors in a, b, c, we obtain col. 1 of the following diagram ; 


Col. 3. 
1 
=! 
z 1 
BT it 
3 
3 
4 
+ 9 
3 
4 
sae 
+ 3 
3 
4 
Ts 
3 
3 
2 
= 9 
3 
2 
1 
NE, 
E 


We then form col. 2 by annexing to each term a term (d*)* which denotes the 
derivative @ of d°; the value of 0 being such that the whole term may be of the 
proper degree 6, and the value of ¢@ being such that the whole term may be of the 


proper weight 18. Thus 


a (dey, degree is 3 -+ 3; = 6; weight is 0 + 9 + 9 = 18, 
abe (dY, F 1+3+ 3, =6; > » Oba O+ 7, = 18, 
viz. d’ being of weight 9, then (dY is of weight 9+ 9, and (d*) of weight 9+7. 
OIV. 35 
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The derivatives of any power of d are given by those of the indefinite power d”, 
which, omitting therein the several powers of d, may be tabulated thus. I remark that 
the table is carried up to the column 21 in order that it may be applicable to the 
calculation of the literal terms of the degree 15 and weight 45 which belong to the 
highest invariant of the sextic. 


SUBSIDIARY TABLE OF THE DERIVATIVES OF qd”, 


On Ne 1 | 
fy ISP | eg 2 
P “h efg ef?g* 3 
È J” ef r ! i i 4 
e *g" Fes È fp 5 
ef 49° eg’ ef 3gt 6 
Fi 6 2 ef? 4 ef” g vd 
efg | efig| fig? 8 
a i ef ® g? eg? 9 
e 542 3g el A N 10 
f'g | EJ | afi 11 
Ps ex oer ge 12 
& g* è f’g? ef 8g 1 3 


efg &fig|f 


g 
ef? | Efo 17 
eoe ANES Y 18 
ef 8g?! Ef gi ef? 19 
Efl ef* | ég' 20 
cif? | EFP | EPE efg 21 
eg | fg’ &fig? 29 
efg ef g| &f'g| ef? | 28 
ET IVES Wars 4 
ëf | eg | fg 25 
eM fg?| ef 2g?| Ef’ 6 
Ofig| Afig| fg 7 
Bf? | ef? | &f7 98 
dg? | el fy?| èg? 29 
elfrg e! 3 elf? 30 
eft) ef | efg 31 
fg | eg? | efs f 2 
èf? | cfg el fy?| ely 33 
| gis Ufi | elf 1f%g?| 34 
elf? | eM fy | ef fig] 35 
ef es fs eg? Oi 36 
e!8 eg efg fga 37 
eof? Ufi et fig 38 
aif | otf | ef? |39 
e” gfs g 40 
e 14 fg 41 

$ 
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This means for instance that the derivatives of d? are 


those of d? are 
0 1 2 3 4 5 6 7 8 9 


af | dg | deg | dfg | AG | d 3h Awa? 
dë | def | df? | ey | oy | Po 
| ee ee 

and so on; viz. to form any column we affix to the terms of the corresponding column 
of the subsidiary table the proper power of d, so that the degree in all the letters 
may be 2, 3, &c. as the case may be, using from each column of the subsidiary table 
only the terms which are not of too high a degree; for instance for col. 4 of the 
derivatives of d’, only the terms eg, f°, ef of the complete column eg, f°, Ef, è. 

It is to be observed that these tables of the derivatives of d?, d’, &c. do not need 
to be actually formed; any column which is wanted can be written down at once, 
currente calamo, from the column of the subsidiary table. And if we require only. the 
number of terms, then these numbers. are at once taken out from the Subsidiary 
Table. Thus for the numerical column of the diagram, the Subsidiary Table, col. 9, 
contains but 1 term g° of degree 3, and thus the number set opposite to (dP is 1; 
so col. 8 contains but 1 term fg? of the degree 3, and so the number opposite to 
(Œ is 1; col. 7 contains 2 terms eg’, f’g of degree 3, and so the number opposite 
to (dY is 2; and so on: we have in this way the numbers 1, 1, 2, 5, 2, 3, 4, &c. 
the partial sums of which are 1, 1, 7, 9, 11, 3, 8, 9, 9 giving the total sum 58: 
viz. this is the number of the terms degree 6, weight 18, which can be formed with 
the seven letters (a, b, c, d, e, f, g). 


When the literal terms are required, it is proper in the first instance as a safe- 
guard against accidental omissions in copying, to take the numbers in this manner; 
and we can then take out the terms themselves, viz. these are 


P | de 


a? g? 
ab fo 
ae eg? 
f9 
ae dg” 
defg 
df® 
eg 


e ba 


and so on, the whole number being = 58 as just mentioned. 


www.rcin.org.pl 


